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A class of binary linear error-correcting codes is described. Each code in the class is 
specified by some polynomial over GF(2 m ). If the degree t of the polynomial is known, 
the following estimate can be obtained for the code parameters: n ^ 2 m , k > n — mt, d ^ 2t 
+ 1. The codes described are in general noncyclic. The only cyclic code in the class in 
question is the Bose — Chaudhuri — Hoquinghem (BCH) code. All the basic properties of the 
BCH code are evidently the result of the fact that it belongs to this class of codes and not to 
the class of cyclic codes. For all the codes of the class in question, therefore, there 
exists a decoding scheme analogous to Peterson's algorithm for BCH codes. The codes 
are constructed by identifying the initial space of binary vectors with some set of rational 
functions. 



§1. Introduction 

A linear code correcting t errors is defined by some matrix with nonzero minors of order < 2t. In 
classical matrix analysis certain special types of matrices are studied (over fields of characteristic 0) 
with certain requirements on the minors of some order. 

In particular, in [1] there is a description of so-called completely positive matrices in which all mi- 
nors of order <r are positive. The most familiar completely positive matrix is the Vandermonde matrix, 
which is used as a basis for constructing the Bose — Chaudhuri — Hoquinghem (BCH) code. Another com- 
pletely positive matrix is || (x^ — yi)" 1 II. This matrix is the point of departure for the class of linear codes 
to be considered here. 

Like cyclic codes, each code in this class is specified by some generating polynomial. The difference 
lies in the fact that the specification of the generating polynomial of a cyclic code generally yields nothing 
about the correcting capacity of the codes; from the degree of the generating polynomial alone we can ob- 
tain the following estimates for the parameters of our codes: n < 2 m , k ^ n — mdeg g(z), d ^ 2 deg g(z) + 1 
(here deg g(z) is the degree of the polynomial g(z)). The only cyclic code in the class under consideration 
is the BCH code. All the basic properties of the BCH code can evidently be explained by the fact that it 
belongs to this class and not to the class of cyclic codes. For example, for all the codes in this article, 
there exists a decoding scheme which amounts to the solution of a system of linear equations over a finite 
field. 



§2. Definition of a Code Class 

Let L be some set of elements of the field GF(2 m ) : L = {a v . . . , a n }, n < 2 m , and let S be a vector 
space of dimension n over GF(2). 

We place each vector x - (c^, . . . , ofo), ci^ 6 GF(2) in correspondence with the rational function 



R x (z) = ^ 

i=l 




The mapping x R x (z) is the homomorphism of S into the additive group of rational functions over GF(2 m ). 



We select some polynomial g(z) with coefficients from GF(2 m ) which does not have roots in L. We 
define a linear code as a set of vectors x for which R x (z) = Omodg(z). If g(z) (which we will call the 
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generating polynomial by analogy to cyclic codes) is specified in various ways, we can obtain codes with 
various properties. Together with each vector x which has ones in the places ij, i 2 * . . . , i^, we will con- 
sider the polynomial f (z) = (z — Qfj[ ) (z — g^)- . . (z — Gq^). Obviously, R x (z) = f r (z)/f (z), where f T (z) is the formal 
derivative of the polynomial f (z). 

§3. Check Matrix. Power of the Code 
For the code vector x = (c^, ...» a n ) we have 

n 

(z) = ^ - 0 mod e (z). 

1^1 1 

This comparison is equivalent to 

n 

]jT, a i {(Z — a i) _1 }m = 0, 

i— 1 

where {(z - ai) -1 } m is the inverse element to (z - aj) in the algebra of polynomials modg(z). This element 
is found as follows: 



{(z — «i) = 






since the right side contains a polynomial degree less than that of g(z), and 

^ s ia^. r , (ai)modfW . 

Therefore the check matrix of the code consists of the following row: 

r 

Assume that g(z) = ^ biz* (degg(z) = r). Then the matrix T can be represented as follows: 

i=0 

/Kg~ 1 ( %) b r g~ 1 (a n ) 

(6 r _! + 6 r ai) g _1 (%) (6 r _i + & r ai)g -1 C a n) 

V(6i + 6 2 a! + . . . + 6 r a£ x ) g _1 (cti) . . . (b x + . . . 4- b r a’ n *) g' 1 (a n ). 

From this it is clear that T is a linear transformation of the rows of the matrix T*: 

/ g' 1 (<ii) . . . g -1 (a n ) \ 

T* = I aig l ( ai ) ' • • ang l I 



\al V " 1 («i) . . . a r „ V 1 (a n ) t 

Thus the check matrix is the Vandermonde matrix multiplied on the right by a diagonal matrix: 



T = 





| 




1 

/ 



/ £ _1 K) 






\ 






In particular, if we take n = 2 k - 1, we take L to be all elements of the group of order n, and g(z) = z 2r . 
we obtain the matrix for the BCH code: 

/I cT 2r a~ (n ‘ 1)2r \ 



\1 a” 1 . . . a~^ n ~ x) J 

Knowing the check matrix we can obtain the following bound for the number of check symbols in the code: 
a code of length n < 2 m has no more than mdegg(z) check symbols. 

§4. Correcting Capacity 

Since for the code polynomials f f (z) = Omodg(z) and f ! (z) = Omodg(z), where g(z) is the polynomial 
of minimum degree which is a full square and such that g(z) I g(z), then deg f (z) ^ degg(z) + 1, so that for 
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the code weight we obtain the bound 

deg£(z) + 1. 

If all roots of g(z) are different, then g(z) = g 2 (z) and 

d ^ 2d egg(z) + 1. 



§5. Decoding 

Assume that y = x + e; y, x, e € S; x is the transmitted code vector, and e is the error vector. Chang- 
ing to the functions Ry(z), R x (z), anc * ^e( 2 )* corresponding to y, x, and e, we obtain 



/*'(*) _ fx(z) , //(z) 
f y (z) f x (z) ^ f e (z) 



and since f x T (z)/f x (z) = Omodg(z), we have 



M- = mod g(z). 

J e Jy 



The quantity 0(z) = fy T /fy modg(z) is the syndrome, i.e., the result of multiplying the vector y by the check 
matrix of the code. If the ones in the vector y are at the positions i 4 , . . . , i^, then 



0 (Z ) = j (Z) ~ j (C t ^ 77—1 h-, , J , g ( Z ) - 8 K) - 



• g -1 (« 41 ) + ... + ■ 



■ a. 



S '" 1 (“it)- 



The unknown error polynomial f e is defined in terms of the syndrome 0 by 

// = / s 0 mod g ( 2 ) . 0-) 

Assume that degg(z) = 2t, f T /f = 0modg(z), degf ^ t and that the roots of f lie in L. If <p is some other 
solution of (1), where deg cp < t, we have 

/' 

cp' = cp0 mod g, q>' = cp -j- mod g, (tp/)' = 0 mod g. 

Since (<pf) f is of degree <2t, we have (<pf) f = 0, and since f T and f are relatively prime, we have f = yep, 
y G GF (2 m ). Thus, f e can be sought in terms of a given 0 as the unique solution of (1) (to within a constant 
multiplier) in the form of a polynomial of degree ^t. 

We will restrict ourselves to the case in which all roots of g(z) are different. Then g(z) = g 2 (z), degg(z) 
- t, and f e may be found by solving the congruence 

// = f e Q mod g. (2) 

This congruence also has a unique solution for f e , deg f e ^ t, since (<pf) T = Omod g implies that ( <pi ) f = 0 
modg 2 . We seek the solution in the form f e -= 1 + zu, deg u < t. To determine u we have a linear differen- 
tial equation in the algebra of polynomials modg: 

u'z + u(l + 20) = 0 

or in operator form (M + Tq)u = 0, where M is a linear operator in the algebra of polynomials modg(z), 
which projects the polynomial onto its odd part Mu = u T z. In the basis 1, z, . . z t_1 the matrix of this 
operator has the form 

'0 0 0 0 0' 

0 10 0 0 
M — | 0 0 0 0 0 
0 0 0 1 0 
,0 0 0 0 0 , 

Tq is a linear operator of multiplication by the element (1 + z0) in the same algebra. The matrix for Tq 
has the form 



C O0 



c f-i, 0 \ 



1 



.where (1 + z0) z 1 = (c*, + . . . + c it t - iZ' _1 ) mod g. 



Co, /-l 
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The uniqueness of the solution of congruent (2) implies that the matrix (M + Te) is the nonsingular when 
f e (z) does not have a zero root. When an error has occurred in the position corresponding to a n = 0, there 
exists a solution of the homogeneous equation (M + T 0 )u = 0, i.e., the matrix (M + T 0 ) is singular. In 
this case it is necessary to correct one error (replace the symbol in the a n position), again find the syn- 
drome 0, and solve the new system with nonsingular matrix. 

Thus we obtain the following decoding algorithm: 1) find the syndrome 9(z); 2) calculate (1 + z0)z\ 
i = 0, 1, . . . , t - 1 in the algebra of polynomials mod g(z); 3) construct the matrix (M + T 0 ); 4) if it is 
singular the position of one error is known; correct the error and go to 1); 5) if the matrix is nonsingular, 
solve the system (M + T©)u = 0; 6) find the root of the polynomial f = 1 + zu. 

§6. Example 

We will construct a (16, 8, 5)code which corrects ail double errors. In this case m = 4, t = 2. We 
see from the tables of irreducible polynomials that the second highest coefficient of the minimum poly- 
nomial for a 3 (a is a primitive element of GF(2 4 )) is equal to 1. Consequently Tra 3 ^ 0, and the poly- 
nomial g(z) = z 2 + z + o' 3 is irreducible over GF(2 4 ) [2]. We take it to be the generating polynomial of the 



We will use the matrix in this form for decoding. For encoding, this matrix must be expanded over GF(2) 
and reduced to canonical form: 



Using this matrix we find the code vector 0010000101000011 with ones in the 3, 8, 10, 15, 16 
positions. It corresponds to the polynomial 

f(z) = (z — a 3 ) ( z — a 8 ) (z — a 10 ) (z — l)z = z* + a V + z 3 + a 10 z 2 + a 6 z. 



Assume that one error has occurred in the fifth position, i.e., in that corresponding to o?. Multi- 
plying the vector 



code. The check matrix consists of two-dimensional columns 



columns I 




where 



&0k a lk z = 



a ak + a^z = S r 1 (a*) = (* + 1 + a*) + + 



g’ 1 K) = (z + 1 + a*) 



1 



a fe 2 + % + a3 



Keplacing by ail the elements of GF (2 4 ), we obtain the matrix 



y a a 2 a 3 a 4 a 6 a 6 a 7 a 8 a 9 a 10 a 11 a 12 a 13 a 14 a 16 0 

ai a 4 a 3 a 9 a 4 a a 8 a 6 a 3 a 6 a a 2 a 2 a 8 a 9 a 12 a 12 

a 0 a 8 a 11 a 8 a 6 a 11 a 6 1 a 6 a 13 a 6 a 14 a 13 a 14 a 12 0 Q 12 . 



a a 2 a 3 a 4 a 6 a 6 a 7 a 8 a 9 a 10 a 11 a 12 a 13 

10010 1 0000 0 0 1 

1000010001 1 1 1 

0001011000 0 1 1 

0001010100 1 0 1 

1010010000 0 0 0 

000011000 0 1 1 0 

1000010010 1 0 1 

1101010000 0 1 0 



a 14 a 16 0 
0 1 1 

110 
0 0 0 

1 1 0 

1 1 0 

1 0 0 

0 0 0 

10 0 



The derivative of this polynomial f T (z) = z 4 + z 2 + a Q = g 2 (z). Consequently, this is really the code poly- 
nomial. 



1) 0010100101000011 by the check matrix (over the field GF(2 4 )), we obtain the syndrome 



0(z) = a 11 +az. 

2) We find 1 + z9 = 1 + z + cxz 2 = 1 + c^z + a(z + a?) = a + a 6 z; (1 + z0)z = a 9 + a^z. 

3) The matrices T 0 and M have the form 




4) Solving the system of equations (T Q + M)u = 0, 

H 

axi + ct 9 £ 2 = a 11 , a c ^i + a 12 ^ 2 = a, 

we obtain X 2 = 0, x* = a 10 , so that the unknown polynomial f e (z) = 1 



210 



5) The root cP of this polynomial specifies the error position. 

Now assume that two errors have occurred at positions 15 and 16 (i.e., oP and 0). In this case 9(z) 

= a n , 1 + z9 = 1 + c^z, (1 + z9)z = 1 + a 11 z and the matrix Tq + M = * s singular. This indicates 

that f e has a zero root, i.e., one error has occurred at the 16-th position. After this error is corrected 
we obtain the syndrome 9 = O' 12 z and the new system 

\a 12 a 11 / \xj \a 12 / ' 

Solving this, we find Xg = 0, = 1, and so f e = 1 + z. 



§7. Communication with Cyclic Codes 

Consider the case in which the set L is taken to be all roots of degree n from 1 over GF(2): L = { 1, 
a, . . . , oP” 1 } , a is the primitive root of the equation X n —1=0; we assume that a generates the extension 
GF(2 m ) of the field GF(2). In the set S of all n-digit binary words we consider, together with the structure 
of the additive group, two ring structures: 

a) one with vector multiplication, in which the product of two elements x = (a 0 , . . . , and y = (b 0 , 

...» bn-i) is z = (n 0 b 0 , . . . , *) (here a}, bj € GF(2)); we denote this ring by VS; 

b) one with polynomial multiplication mod (X n — 1); we call this ring MS. 



Matson and Solomon [31 used the mapping 

f(X) = a 0 -| — • + a n- iX n_1 /(a)X n_1 H h /(ct n ) =F(X), 

which places each polynomial f(X) over GF(2) in correspondence with some polynomial over GF(2 m ). This 
correspondence is one-to-one, and the inverse mapping coincides with the regular one. It can be obtained 
for example, by constructing an interpolation Lagrange polynomial: 



n— 1 

/(*> = £ 

k=0 



X n -i 

X-a k 



f(g k ) 

a A( n -l) 



n — 1 

F (a i+1 ) X"' 1- *. 

i— 0 



In the set K of all polynomials of degree <n over GF(2 m ) we can introduce the same ring structures as in 
S — one with vector multiplication (VK) and one with polynomial multiplication mod (X n — 1) (MK). It is 
easily seen that the mapping f(X) F(X) is the homomorphism MS — VK and VS MK. Since all elements 
of VS are idempotent, the image of S under this mapping consists of idempotents of the ring MK. On the 
other hand, any idempotent of MK assumes the values 0 or 1 on all roots of degree n from 1. We denote 
by E the set of idempotents of the ring MK. It is a subring of MK (which we will call ME) and at the same 
time a subring of VK (which we will call VE). Hence the mapping f(X) F(X) is the isomorphism 

MS ^ VE , VS ME, 



By using this isomorphism we can define codes as certain subsets of E. Linear codes are additive sub- 
groups of E, while cyclic codes are ideals of VE. Each ideal of VE is a set of polynomials for which the 
coefficients of certain powers X 1 !, . . . , X x k are equal to 0. For example, the BCH code is an ideal in VE 
consisting of polynomials for which either the l highest or the l lowest coefficients are 0. 



Let y = (a 0 , . . . , a n ^ t ) 6 S. We have the following diagram for the relationship between the mapping 
S -*■ E and y Ry(X): 

f(X) = a 0 +...+a n ^X n - 1 ^F(X) = f( a) X^i-. ..+/(<*"> 



y — (®0 • • • l) 



I 



R y (X) = ^^ 5 +. . . . + 



where {Ry(X) (X n+1 + X)} m is the remainder from dividing Ry(X) (X n+1 + X) by X n — 1, and the vertical 
arrow is the identity mapping. 



This diagram establishes the following symmetry between cyclic codes described in this paper. 



A cyclic code is a set of polynomials which are multiples of some fixed polynomial over GF(2) in the 
space MS. The code defined by the congruent R x (z) = 0 modg(z) coincides (when L is the set of roots 
of the polynomial X n — 1) with the set of polynomials which are multiples of a fixed polynomial over 
GF(2 m ) in ME. 
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THEOREM. If the code defined by the condition R x (z) = 0 mod g(z) is cyclic, it is a BCH code, i.e., 
g(z) = z l . 

Proof. Assume that g(z) has a nonzero root j3 and generates a cyclic code. In VE this code cor- 
responds to some ideal C. By the definition of the ideals of the ring VE, if F(X) 6 C then also F^X) 6 C 
for all i = 0, . . . , n - 1 therefore F(a?X) - 0 mod g(X), i = 0, 1, . . . , n - 1 whence F (X) = 0 mod g(oriX) and 
F(X), together with the root P * 0, must have n nonzero roots, i.e., be divided by X n - 1, which is im- 
possible. 

§8, Conclusions 

Only binary codes have been described in this article. The generalization to the nonbinary case and 
certain other results obtained while this article was in press will be published later. 

This study was discussed at the seminar on coding theory at Moscow State University. I wish to 
take this occasion to express my gratitude to those in the seminar who helped to eliminate a number of 
inaccuracies. 
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